We present a simple analytic model, based on surface plasmon propagation, that explains the depolarization induced by metal hole arrays illuminated with linearly and circularly polarized light of varying numerical apertures. Arrays with square and hexagonal lattices of circular holes are compared. We relate this model to experimental data.
INTRODUCTION
Some years ago, the optical transmission of thin metal films perforated with arrays of subwavelength holes, or nanohole arrays, [1] [2] [3] has been shown to have a strongly peaked spectrum with anomalously large transmission peak values. This phenomenon is usually ascribed to the resonant excitation of propagating surface electromagnetic waves or surface plasmons (SPs). 4 Recently, a number of papers have studied the polarization properties of arrays of noncircular holes, 5-7 but we limit ourselves here to the case of circular holes. The polarization properties of square and hexagonal arrays of circular holes are trivial for plane-wave illumination at normal incidence because the input and output state of polarization (SOP) are equal. 8 For a plane wave at nonnormal incidence, the output SOP can be different from the input SOP, but it will still be a pure state. Only in a focused light beam, consisting of many plane waves at different angles of incidence, will the output polarization not be pure anymore. A spatially uniform input SOP will generally be transformed into a spatially varying output polarization, which translates into a depolarization of the beam considered as a whole. The purpose of this paper is to introduce a simple model that relates depolarization to hole array symmetry and SP propagation and compare the predictions of our model with published measurements. 9 In general, depolarization, or a loss of polarization coherence, occurs when an optical system couples polarization to spatial or temporal degrees of freedom within the spatial or temporal bandwidth of an incident wave. 10 The most convenient theoretical tool to describe depolarization is the Mueller matrix ͓M ij ͔, 10, 11 where we use the notation M i ϵ M ii for the diagonal elements. This realvalued 4 ϫ 4 matrix couples input and output Stokes vectors ͓S j ͔ (j = 0, 1, 2, 3), which represent (spatial and time) averages of the optical polarization. The Mueller formalism is thus capable of handling partially polarized or incoherent waves. Conversely, the also widely used Jones formalism is applicable only to coherent and spatially uniformly polarized light. 10, 11 In nanohole arrays, depolarization is induced by SP propagation. SPs propagate along well-defined directions, determined by momentum conservation in the array surface plane. They have well-defined polarizations along these propagation directions, where the polarization is determined by the longitudinal component of the SP electric field. 4 A sketch of the depolarizing process is shown in Fig. 1 , where SP propagation transforms a spatially uniform linear-polarized input beam into a spatially more extended output beam with nonuniform polarization. The diagonal lobes that point in the propagation directions of the resonantly excited SPs are polarized accordingly (indicated by the arrows in Fig. 1 ). This near-field description can equivalently, but mathematically more conveniently, 8, 9 be translated into the far field. This can be done through the angle and polarization dependence of the array transmission tensor t͑͒, which relates the in- Fig. 1 . Experimental setup used to measure the Mueller matrix of the hole arrays. The incident polarization state is set by a quarter-wave plate (QWP) or half-wave plate (HWP); the output polarization state is measured with a combination of a QWP, polarizer (POL), and CCD. Lenses L form a symmetric telescope, with the hole array placed in its focus; an aperture ͑A͒ sets the maximum NA (opening angle A ) of the illumination. The two figures at the top contain sketches of the field profiles and local polarization (arrows) in transverse planes just in front of and behind a square hole array in which diagonal SP modes are excited. The incident circular field profile is distorted by the SP propagation to a shape with lobes in the propagation directions. The incident uniform vertical polarization is thus changed by the array to a nonuniform polarization distribution. put optical field to the output field. It follows from Fourier-transform arguments that depolarization becomes observable if the product of the transverse 12 wavevector spread ⌬k tr of the incident light and SP propagation length ᐉ SP is of the order of 1 or larger. 9 So far, an analytical model for this depolarization has been lacking; this is what we aim for in the present paper.
MODEL
A theoretical description of the depolarization properties of square and hexagonal hole arrays is simplified considerably by symmetry arguments. Under rotationally symmetric focusing, the Mueller matrix of a perfect square lattice of circular holes has been shown to be diagonal, with generally all M i different. 13 For hexagonal lattices of circular holes, the Mueller matrix is diagonal as well, with an additional symmetry restriction in the form of the relation M 1 = M 2 . For special cases, further relations between the M i functions can be derived. In this paper we will do so by introducing an analytical model based on two basic approximations, which we will apply in consecutive order. The first approximation is that we assume that the optical transmission of the hole array is carried by a single set of SP modes, which are frequency degenerate for plane-wave illumination at normal incidence. This single-resonance approximation therefore assumes that the resonant SP wave vectors all have the same lengths and can be written, for instance, for a square array, as k SP = ͑2 / a͒͑±m , ±n͒ and ͑2 / a͒͑±n , ±m͒. 1 The integers n and m label the distance from the origin to a point ͉k SP ͉ away on the reciprocal lattice of the hole array, with a real-lattice spacing a. After some initial calculations, we will introduce our second approximation, the Lorentzianshape approximation. This assumes that the angular and frequency dependence of the amplitude transmission function are related in a simple way, both dependencies giving Lorentzian shapes around resonance.
In the single-resonance approximation, the transmission tensor t͑͒ evaluated at the SP resonance frequency can be written as
where the summation index k = ͕0, ±1, ±2,…͖. The vector = ͑ x , y ͒ specifies the two components of the angle of incidence, e k T is the transpose of the (normalized) SP propagation direction e k (i.e., e k ʈk SP,k ), and denotes the direct product. The summation is over pairs of counterpropagating SPs because this allows us to easily implement symmetry relations. The scalar functions f k ͑͒ quantify the amplitude transmission that can be attributed to the kth SP pair out of the considered set. The product e k e k T describes the polarization properties that are determined by projection on e k , pointing in the propagation direction of the kth SP pair. Note that Eq. (1) is also valid in the presence of a polarization-isotropic contribution to the transmission, as expected for the nonresonant or Bethe-type 14 transmission through the hole array, which we use in Section 4.
The rotational symmetry of the hole array is reflected in simple relations between the various f k ͑͒'s and e k 's, which are taken in the direction of the reciprocal lattice vectors. To describe the lowest-order modes it is sufficient to assume, apart from the single-resonance condition, that we deal with either two SP pairs (fourfold frequency degenerate) for a square array or three SP pairs (sixfold frequency degenerate) for a hexagonal array. In this case, the elements M i of the Mueller matrix can be expressed as linear combinations of two functions only. These functions quantify the integrated squared amplitude of a single SP pair and the overlap between neighboring SP pairs, respectively, and are given by the real-valued expressions
The integrals run over the angular range of illumination (assumed rotationally symmetric around the origin 15 ), k and ᐉ label neighboring SP pairs, and the subscripts s and h label the array symmetry. If the illumination is nonuniform within the angular range but still obeys the lattice symmetry, the integrand should be multiplied by the input intensity profile I͑͒. Under the single-resonance condition described above, the Mueller matrix of a square array obeys the additional relations M 0 = M 1 = A s and M 2 = M 3 = B s , where the x axis is taken along an e k direction. The degree of polarization (DOP) for a polarization-pure input state, with S 0 = S i =1
and
The explanation for the absence of depolarization for S 1 = ± 1 (pure x-or y-polarized) injection is simple: An optical transmission that is carried by only two orthogonal pairs of SP modes does not lead to depolarization if the incident polarization is orthogonal to the eigenpolarization of one pair. In this case, only the SP pair aligned with the input polarization can be excited, which then sets the (pure) output polarization. Only under this condition will polarization dephasing be absent; in all other hole arrays, dephasing will be an unavoidable consequence of SP propagation.
For a hexagonal array, the nonorthogonality between the eigenvectors e k leads to the slightly more complicated
shows that the depolarization of linear-polarized light is half as strong as that of circularly polarized light: 1−⌸ 1 =1−⌸ 2 = ͑1−⌸ 3 ͒ / 2. For linearly polarized input, the DOP behind the hexagonal hole array is always at least 50% because of the selective excitation and subsequent reradiation of the SP modes that are best aligned within the set of three pairs (see also the discussion of Fig. 3 below).
To obtain analytic expressions for A and B, we now impose the Lorentzian approximation mentioned above. First, we use the fact that there is a one-to-one correspondence between the angle and frequency dependence of the optical transmission. The SP dispersion relations 1, 2 show that paraxial angle tuning in the SP direction e k leads to a linear shift of the resonance frequency:
In Eq. (3) we took k = · e k as the projected angle and introduced the SP resonance frequency for normal incidence 0 and the effective refractive index n eff = ͱ ⑀ / ͑⑀ +1͒ (Ϸ1 for an air-metal boundary). Angle tuning in the direction orthogonal to e k over an angle Ќ produces only minor spectral shifts of the order of Ќ 2 , which have been neglected. Second, the amplitude transmission spectrum at normal incidence is approximated by a (complex-valued) Lorentzian of the form
where is the optical frequency and ⌬ is the spectral width of the transmission resonance. Experimentally obtained hole array spectra usually show somewhat different line shapes, but Lorentzians are a good starting point and keep the model manageable analytically. Finally, by combining Eqs. (3) and (4) we can write the angledependent amplitude transmission as
where the last equation holds at the SP resonance frequency ͑ = 0 ͒ and f k ͑͒ is the function introduced in Eq.
(1), summed over counterpropagating pairs with e k =−e ᐉ . When evaluated on resonance, the SP pair transmission function is a (real-valued) Lorentzian:
with ⌬ ϵ n eff ⌬ / 0 . Equation (6) is Fourier related to an electric field on the array that decays exponentially in the SP propagation direction. Using = k ʈ / k 0 , the Fourier transform of a profile t͑x͒ ϰ exp͑−͉x͉ /2ᐉ SP ͒ becomes equal to Eq. (6) if we take ⌬ = 0 /4ᐉ SP . Apart from interference, Eqs. (1) and (6) predict that the overall angledependent intensity transmission ͉t͉͑͒ 2 will look like two or three stripes that cross at 90°or 60°angles for the square and hexagonal array, respectively. Such patterns have indeed been observed experimentally: For the square array we refer to Ref. 8 ; for the hexagonal array we refer to Fig. 3 , which will be discussed in more detail in Section 3.
With the proposed Lorentzian transmission model, a simple substitution in Eqs. (2a) and (2b) yields A and B as a function of the normalized opening angle ⍜ ϵ A / ⌬ of a circular uniform input (aperture A in Fig. 1 ). The resulting expressions The calculated DOPs ⌸ i (i = 1, 2, 3) for a square array, following from our model, are shown in Fig. 2(a) . Note that ⌸ 1 = 1 and ⌸ 2 = ⌸ 3 in this case, as stated above. The corresponding DOPs for a hexagonal array are shown in Fig. 2(b) . In this case, M 1 = M 2 and M 1 + M 2 =1+M 3 . In the limit of a very small opening angle, the DOP remains high for both square and hexagonal arrays because ⌸ i Ϸ 1 − O͑⍜ 4 ͒. At large opening angles ⍜ӷ1, we expect ⌸ 3,s Ϸ / ⍜ and ⌸ 3,h Ϸ ͱ 3/⍜ for the square and hexagonal arrays, respectively. The hexagonal array has a large ⍜ limit of M 1 = M 2 → 0.5, which is a consequence of the relation M 1 + M 2 −1=M 3 . However, as our model is strictly paraxial, these large-angle limits are not expected to be meaningful.
COMPARISON WITH EXPERIMENT
We checked the validity of our model by a comparison with measured Mueller matrices of a square and a hexagonal hole array, as reported in Ref. 9 . Recapitulating briefly, both arrays were made in 200 nm thick smooth Au films on a glass substrate. The square array was made with electron-beam lithography, with a lattice spacing of 700 nm and a nominal hole diameter of 200 nm. The hexagonal array was made with ion-beam milling, with a lattice spacing of 886 nm and a nominal hole diameter of 200 nm. Both arrays exhibit a transmission maximum around a wavelength of 810 nm, which for the square array is identified as a ͑±1 , ± 1͒ SP resonance on the glass-metal interface and for the hexagonal array as the lowest-order resonance on the air-metal interface. Note that in the following we continue to take the x direction (corresponding to S 1 = 1) along one of the SP propagation directions, i.e., along one of the diagonals for the square array. The experimental setup used to measure the diagonal Mueller elements is shown in Fig. 1 . A linearly polarized Ti: sapphire laser beam at a wavelength of 810 nm is passed through a 10 m mode-cleaning pinhole (not shown) to homogeneously illuminate the input lens ͑L͒ of a symmetric telescope. After transmission through a hole array, positioned at the focus of the telescope, the light is imaged onto a CCD with a relay lens; the CCD is situated in the far field of the array. The SOP of the incident light is set by a rotatable quarter-wave or half-wave plate in front of the first lens. The Stokes parameters at the output are measured with a rotatable quarter-wave plate and polarizer positioned in front of the CCD. The obtained CCD images are further processed by summing the pixel intensities within circular regions of increasing radii centered on the telescope axis to yield plots of Stokes parameters as a function of numerical aperture (NA). The hardware aperture (A in Fig. 1 ) is used to calibrate the NA scale. We performed a check of this method by measuring the intensity versus the NA both with hardware and software aperturing; these agreed well, indicating that lens aberrations can be neglected.
To illustrate the previously discussed depolarization mechanism, a measured far-field transmission pattern of the hexagonal array is shown in Fig. 3 for array illumination with horizontally oriented linear-polarized light and circularly polarized light. Figure 3(a) shows that a horizontal input polarization (indicated by the arrow in the inset) does not excite the SP pair that propagates in the vertical direction, but does excite the two remaining SP pairs. The lobe that is absent in Fig. 3(a) as compared with Fig. 3(b) is compact in the vertical direction, which by Fourier relations corresponds to a wide near-field distribution in this direction due to SP propagation. In other words, the high-intensity regions (lobes) in the far field are oriented orthogonal to the input polarization, which is indicated by the arrows around the edges of Fig. 3 . Figure  3(b) shows that a circularly polarized input produces an equal distribution over all three excitable SP pairs, whereas a linearly polarized input can excite at most two pairs equally. After angular integration, this implies that M 1 = M 2 should be larger than M 3 for the hexagonal array, which is in agreement with the model prediction M 1 + M 2 −1=M 3 . Note that similar far-field patterns of the square array were published elsewhere. 8 Measurements of the DOPs of the hexagonal array are shown in Fig. 4(b) (from Ref. 9). As expected, the two linear input polarizations give the same output DOP, i.e., ⌸ 1 = ⌸ 2 . The predicted relation ⌸ 3 = ⌸ 1 + ⌸ 2 − 1 also holds Triangles are used for ⌸ 1 , squares for ⌸ 2 , and circles for ⌸ 3 . Note that, for the square array, ⌸ 1 corresponds to a polarization along the array diagonals, i.e., the SP propagation directions; in Ref. 9 we used a different convention.
very well. The agreement between the measurements and the predictions of our model (Fig. 2) is, however, not so good. This may be due to the slightly off-resonant illumination ͑ 0 ͒ of the array, whereas the model is strictly valid only on resonance. An additional complication is that, probably because of production errors, the hexagonal array is not perfectly symmetric, as indicated by nonzero off-diagonal elements of the measured Mueller matrix.
9 By fitting the model result to the measured curve, we estimate ᐉ SP Ϸ 6±3 m from the parameter ⌬ = 0 / ͑4ᐉ SP ͒, where the large error bar is an indication of the limited quality of the fit.
The measured DOPs ⌸ i (i = 1, 2, 3) of the square hole array are shown in Fig. 4(a) (also from Ref. 9). The general shape of ⌸ 2 and ⌸ 3 is in reasonable agreement with the model results, and the observation ⌸ 1 Ͼ⌸ 2 , ⌸ 3 confirms the prediction that the depolarization should be smallest for input polarizations along the dominant SP propagation directions. However, the observations that ⌸ 1 1 and decreases for increasing NA, and that ⌸ 2 ⌸ 3 , shows that the single-resonance assumption does not hold well for our square array; although the glassmetal and air-metal interfaces play a different role in the transmission process (resonant versus nonresonant), the influence of the latter on the transmission apparently cannot be neglected. The fitting of ⌬, similar to above, gives ᐉ SP Ϸ 2±1 m for the square array. Interestingly, the relation ⌸ 3 = ⌸ 1 + ⌸ 2 − 1 seems to hold for the square array as well, which indicates that this relation may be more generally valid than the model from which it was obtained.
MODEL EXTENSIONS
It is relatively easy to extend our model by incorporating more realistic resonant line shapes as well as off-resonant excitation. This extension can in principle increase the accuracy of the model, but has the disadvantage that one looses the simple connection between SP propagation length and spectral and angular widths of the SP resonance. One good candidate for describing experimentally obtained spectra is the Fano-type line shape, which arises from interference between the resonant SP-mediated transmission and a nonresonant Bethe-type transmission. 16, 17 On the basis of a general Fano-type spectral line we can write the hole array transmission function for the kth SP pair [see Eq. (6)] as
͑8͒
This function has three dimensionless parameters: the real and imaginary part ␣ and ␤ of the Fano parameter determining the relative strength of resonant and nonresonant terms and the relative frequency detuning ␦ ϵ͑ − 0 ͒ / ⌬ . In this description we have written the nonresonant term as a constant term of magnitude unity (i.e., 1). Note that we can easily regain Eq. (6) by inserting ␦ = 0 and taking the limit ␣ → ϱ (to let the resonant term dominate). The accuracy of this description with regard to spectral data can be seen in Fig. 5 . Here the measured transmission spectrum of our hexagonal array, for illumination with a nearly plane wave at normal incidence, is shown (black curve) together with a theoretical fit (gray curve), based on Eq. (8) with k = 0. The fit is of the shape To calculate the DOP as a function of the opening angle of the input light in this extended model, one can follow the recipe given above for the Lorentzian case. The integrals become more difficult, but remain analytically solvable. As the resulting expressions are quite lengthy, we will not list them here but discuss only two striking aspects. First, the DOP curves in this Fano-type description have a completely different asymptotic behavior, tending back to 1 for large opening angles. The reason is that the nonresonant contribution, which is polarization isotropic in our case (spherical holes), starts to dominate at large angles of incidence. Second, in the small-angle regime, the differences between the Fano-type and the simple Lorentzian model are relatively small for resonant ͑␦ =0͒ excitation. For off-resonance excitation, however, the depolarization curves can deviate considerably. Figure 6 shows how the experimental data for the hexagonal array compare with a fit based on the Lorentzian model (dashed curve) and two fits based on the extended Fano-type model (solid curves). For the square array, fits of similar quality were obtained (not shown). Although the Fano model is clearly able to produce a better fit, both at large and low NAs, the precise values needed for the best fit are somewhat unrealistic. The dark solid fit curve is based on the (realistic) Fano parameter deduced from the transmission spectrum, but needs a somewhat large detuning ␦ = 2.5, whereas the light solid curve fits better, but is based on ␣ = −0.98, ␤ = −1, and ␦ = 1.02. The remaining deviations between model and experiment are most probably caused by a breakdown of the singleresonance condition that formed the basis of Eq. (1). Deviations are expected if SP resonances on both interfaces are important or if other SP modes on the same interface, with different resonance wavelengths than those of the resonant set, are excited sufficiently.
CONCLUSION
We have described an analytic model for depolarization in metal hole arrays that is based on symmetry arguments and the additional assumption of a single Lorentzian SP resonance. Our polarization measurements confirm the overall expected depolarization features predicted by the model. At a more detailed level, a generalization to the Fano-type resonant structure was studied. The singleresonance assumption is both the strength and the weakness of our model. Its strength is that it allows for simple analytic expressions for the amount of depolarization. Its weakness is that its use is restricted to hole arrays in which only one set of SP modes dominates the optical transmission in a specific frequency range.
